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Abstract
Based on the fundamental principles of Relativistic Quantum Me-
chanics, we give a rigorous, but completely elementary, proof of the
relation between fundamental observables of a statistical system when
measured relatively to two inertial reference frames, connected by a
Lorentz transformation.
1 Introduction
The problem of the relation between the basic observables of a statistical
mechanical system as seen from two inertial observers O and O′, connected
by a Lorentz transformation x′ = Λx, is very old and its solution can be
found in classical textbooks[1]. The detailed discussion and application of
the basic principles, in the case of the black body radiation, followed the
discovery of the cosmic microwave background[2].
Although completely solved, the problem still stimulates scientific production[3].
It is the purpose of the present paper to show how the relation between iner-
tial observers can be obtained from the basic principles of Relativisic Quan-
tum Mechanics. We will also discuss in detail the transformation properties
of quantities related to the polarization of observed photons.
1
2 Boosted Density Matrix
In Relativistic Quantum Theory[4] the relation between two inertial observers
O and O′, connected by a Lorentz transformation x′ = Λx, is provided by
a unitary operator, U(Λ), in the sense that, if |Ψ > is the vector which
describes the physical situation as seen from O, the state |Ψ′ > attributed
to the same physical configuration by O′ is
|Ψ′ >= U(Λ)|Ψ > . (1)
The Correspondence Principle requires that any field observable φ(x) which
classically transforms as
φ′(x′) = S(Λ)φ(x) (2)
corresponds to an operator φˆ(x) obeying
U(Λ)φˆ(x)U †(Λ) = S−1(Λ)φˆ(Λx) . (3)
If, instead of a pure state, O is in the presence of a density matrix ρˆ
ρˆ =
∑
i
|i > pi < i| , (4)
in which he detects the state |i > with probability pi, O′ will describe the
same situation in terms of the transformed density matrix
ρˆ′ = U(Λ)ρˆU †(Λ) =
∑
i
U(Λ)|i > pi < i|U †(Λ) . (5)
In many applications the Canonical Ensemble is used, defined by the density
matrix
ρˆC.E. =
e−βH
Tre−βH
. (6)
In order to be able to implement the condition
Trρˆ = 1 (7)
we must imagine that the statistical system under consideration extends over
a finite physical volume V .
V is the volume of the container and has nothing to do with the vol-
ume of the ambient physical space, which, in order to maintain the Lorentz
covariance of the theory, will be kept of infinite extension.
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3 Spinless Particles
We will discuss in this section the case of spin zero particles, which, for
simplicity, we assume massless.
The covariantly normalized annihilation operators a˜(k) are related to
those normalized to a Dirac δ-function, a(k), by[5]
a˜(k) ≡ √ωk a(k) . (8)
where ωk ≡ |k| is the particle energy.
It is easy to check that
U(Λ)a˜(k)U †(Λ) = a˜(Λk) . (9)
We are now in the position to discuss the transformation properties of various
observables.
A basic quantity is
E(k) ≡< a˜†(k)a˜(k) >=
= ωkTr(ρˆ a(k)
†a(k)) ≡ n(k)ωk , (10)
where
dN(k) = n(k)dk (11)
gives the number of particles with momentum within the volume dk around
k, in the space volume V .
We stress the fact that E(k) and n(k) are extensive quantities, propor-
tional to the volume V of the system.
E(k), defined in eq.(10) gives the energy distribution among the different
modes of the system.
In the O′ frame, using eqs.(9) and (5), we have
E ′(k′) = Tr(ρˆ′a˜(k′)†a˜(k′)) = (12)
= Tr(U(Λ) ρˆ U †(Λ)a˜(k′)†a˜(k′)) =
= Tr(ρˆ U †(Λ)a˜(k′)†a˜(k′)U(Λ)) =
= Tr(ρˆ a˜(Λ−1k′)†a˜(Λ−1(k′)) = E(Λ−1k′) = E(k) ,
where k′ = Λk.
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Recalling the Lorentz invariance of the measure dk
ωk
, eq.(12) shows that
E(k) behaves as a scalar quantity and corresponds to the statement that
dN(k) = n(k)dk = ωkn(k)
dk
ωk
=
= ωk′n
′(k′)
dk′
ω′
k
= dN ′(k′) (13)
is itself a scalar, so that
∫
dN , the total number of particles in the system,
is Lorentz invariant[1].
On the basis of eq.(12) we can easily determine the transformation prop-
erties of any other quantity of interest.
Consider, as an example, the spectral density e(k), defined, in terms of
E(k) by
V e(k)dω dΩ ≡ n(k)ωkdk = E(k)dk =
= E(k)ω2dω dΩ , (14)
i.e.
e(k) ≡ E(k)
V
ω2 . (15)
The observer O′ defines e′(k′), correspondingly, as
e′(k′) =
E ′(k′)
V ′
ω′2 , (16)
where V ′ is the physical volume of the container as seen from O′, which
suffers a Lorentz contraction with respect to V . If we refer to a situation in
which O′ moves with respect to O with velocity v, we have
V = γV ′
ω = γ(1 + kˆ′ · v)ω′
γ =
1√
1− v2
and, from the Lorentz invariance of E(k), it follows
e′(k′) =
E ′(k′)
V ′
ω′2 =
1
γ(1 + kˆ′ · v)2
E(k)
V
ω2 =
=
1
γ(1 + kˆ′ · v)2 e(k) =
1
γ(1 + kˆ′ · v)2 e(Λ
−1k′) . (17)
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4 Photons
Real photons also carry a polarization and we will discuss the treatment of
this degree of freedom in this section.
We remind that, in the Gupta-Bleuler relativistic formulation[6], photons
are described by the four vector potential
Aµ(x) = (18)
=
∫
dk√
2(2π)3 ωk
(a˜µ(k)e−ikx + a˜µ(k)†eikx)
and the covariantly normalized annihilation operator for a photon of momen-
tum k and polarization ǫ(k) is given, with an appropriate choice of phases,
by
a˜ǫ(k) = ǫµ(k)a˜
µ(k) . (19)
In this covariant formalism four kinds of photons exist out of which only two
are physical, namely those which correspond to polarization vectors satisfying
ǫ0(k) = 0 (20)
ǫµ(k) k
µ = ǫi(k) k
i = 0 . (21)
The space components of the four vector ǫ(k), i.e. ǫi(k), identify the polar-
ization direction and photons corresponding to ǫ’s not satisfying eqs.(20) and
(21) are decoupled imposing, on physically realizable states, the condition
kµa˜
µ(k)|Phys >= 0 . (22)
As a consequence of eq.(3), applied to Aµ(x), we have
U(Λ)a˜µ(k)U †(Λ) = (Λ−1)µν a˜
ν(Λk) . (23)
If, in analogy with eq.(10), we define
Hµν(k) ≡< a˜µ(k)†a˜ν(k) >= ωk < aµ(k)†aν(k) > , (24)
the Gupta-Bleuler condition, eq.(22), implies
kµH
µν(k) = kνH
µν(k) = 0 . (25)
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The physical interpretation of Hµν(k) is that
dNǫ(k) = nǫ(k)dk ≡ (26)
≡ ǫµ(k)ǫν(k) < aµ(k)†aν(k) > dk = 1
ωk
ǫµ(k)ǫν(k)H
µν(k)dk
gives the number of photons with momentum within the volume element dk
around k and polarization ǫ, inside the full volume V of the system. Of
course the polarization four vector ǫ(k) has to satisfy the conditions given in
eqs.(20) and (21).
Lorentz covariance, eq.(23), requires, in analogy with eq.(12),
Hµν ′(k′) = Tr(ρˆ′a˜µ(k′)
†
a˜ν(k′)) =
=< U †(Λ)a˜µ(k′)
†
a˜ν(k′)U(Λ) >=
= ΛµρΛ
ν
σH
ρσ(k) , (27)
where, as before, k′ = Λk.
From eq.(27) we have
H ′ǫ′(k
′) ≡ ǫ′µ(k′)Hµν ′(k′)ǫ′ν(k′) =
= ǫ′µ(k
′)ǫ′ν(k
′)ΛµρΛ
ν
σH
ρσ(k) =
= ǫρ(k)ǫσ(k)H
ρσ(k) ≡ Hǫ(k) , (28)
where
ǫρ(k) ≡ ǫ′(k′)µΛµρ (29)
and eq.(28) would correspond to the intuitive condition
dN ′ǫ′(k
′) = dNǫ(k) , (30)
thus extending eq.(13) to the spin-1 case. However we still have to face the
fact that, in order to be physical, the photon polarization four vector ǫ(k),
as its Lorentz transform ǫ′(k′), must both satisfy eqs.(20) and (21), which
seems not to be compatible with eq.(29).
To see how one can get around this problem, we consider ǫρ(k) = ǫ
′
µ(k
′)Λµρ,
for a physical ǫ′µ(k
′). We have, from eq.(21),
kρǫρ(k) = k
ρǫ′µ(k
′)Λµρ = ǫ
′
µ(k
′) kµ′ = 0 , (31)
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which shows that ǫρ(k) can be decomposed as
ǫρ(k) = ǫ˜ρ(k) + αkρ , (32)
where ǫ˜ρ(k) is such that k · ǫ˜(k) = 0 and α can be chosen so that ǫ˜0(k) = 0.
In this way ǫ˜ρ(k) has the right form to be interpreted as the polarization of
a physical transverse photon and, as a consequence of eq.(25), can be used
in eq.(28) in the place of ǫρ(k). Therefore eq.(30) is equivalent to
dN ′ǫ′(k
′) = dNǫ˜(k) , (33)
where ǫ′(k′) and ǫ˜(k) both correspond to polarizations of real, transverse
photons. Within the framework of the Gupta-Bleuler formulation, eq.(32) is
just the statement that the physical polarization ǫ˜(k) is the Lorentz transform
of ǫ′(k′), up to a residual gauge transformation[6].
We can now proceed as in the spinless case and deduce the transformation
properties of any quantity of interest.
For example, the spectral density for a given polarization, eǫ(k), defined,
in analogy with eq.(15), as
V eǫ(k)dω dΩ ≡ nǫ(k)ωkdk = Hǫ(k)dk =
= Hǫ(k)ω
2dω dΩ , (34)
giving
eǫ(k) ≡ Hǫ(k)
V
ω2 , (35)
transforms like
e′ǫ′(k
′) =
1
γ(1 + kˆ′ · v)2 eǫ˜(Λ
−1k′) . (36)
5 Conclusions
In this paper we presented a systematic method to relate the statistical dis-
tributions of quantum systems, as seen from different observers connected by
a Lorentz transformation. Although the results are not new[1], we think that
our presentation helps in clarifying the hypotheses underlying such issues and
also the corresponding formal manipulations.
We applied the general formalism to the photon case, giving a detailed
treatment of the Lorentz transformation of the polarization distribution.
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